ABSTRACT. We give a complete solution of the following two problems:
Introduction
A Steiner triple system (more simply triple system) of order n is a pair (S, T ), where T is a collection of edge disjoint triangles (triples) which partitions the edge set of K n (= the complete undirected graph on n vertices) with vertex set S. In 1847 T . P . K i r k m a n [2] determined the spectrum for triple systems ( = the set of all n such that a triple system of order n exists) to be the set of all n ≡ 1 or 3 (mod 6). Clearly, if (S, T ) is a triple system of order n, |T | = n(n − 1)/6.
The intersecton problem for Steiner triple systems is the determination for each n ≡ 1 or 3 (mod 6) of the set of all x such that there exists a pair of triple systems of order n having x triples in common. Let J(n) = {0, 1, 2, . . . , z = n(n − 1)/6} \ {z − 1, z − 2, z − 3, z − 5} and denote by O(n) the set of all x such that there exists a pair of triple systems of order n having x triples in common. In [6] C . C . L i n d n e r and A . R o s a gave a complete solution of the intersection problem for Steiner triple systems by showing that O(n) = J(n) for all n ≡ 1 or 3 (mod 6) except for n = 9. In this case O(9) = J(9)\{5, 8} ( [3] ). A hexagon triple system of order n is a pair (X, H), where H is a collection of edge disjoint hexagon triples which partitions the edge set of K n with vertex set X. In other words a Steiner triple system of order n whose triples are organized into hexagon triples. It is well-known (see [4] for example) that the spectrum for hexagon triple systems is precisely the set of all n ≡ 1 or 9 (mod 18) and that if (X, H) is a hexagon triple system of order n, |H| = n(n − 1)/18.
M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary
There are two obvious intersection questions we can ask about hexagon triple systems.
(1) The inside intersection problem: For which pairs (n, x) does there exist a pair of hexagon triple systems of order n having x inside triples in common?
(2) The outside intersection problem. For which pairs (n, x) does there exist a pair of hexagon triple systems of order n having x outside triples in common?
We give a complete solution of both problems in this paper. In particular we show that 
We will need the Skolem Construction for Steiner triple systems for the Inside 18k + 1 Construction (see [5] for details). So, without going into details, the Skolem construction guarantees for every 6k + 1 a Steiner triple system ({∞} ∪ X, T ) of order 6k + 1 so that if
contains a collection π of k parallel triples which cover {y 1 , y 2 , y 3 , . . . , y 3k }.
The Inside 18k + 1 Construction
Let ({∞} ∪ X, T ) be a Steiner triple system of order 6k + 1 constructed as above (the Skolem Construction), set S = {∞} ∪ (X × {1, 2, 3}), and define a collection of hexagon triples H as follows: 
Ä ÑÑ 2.4º
There exists a pair of hexagon triple systems of every order n ≡ 1 (mod 18) intersecting in x inside triples for all x ∈ I(n). P r o o f. Write n = 18k + 1 = 6(3k) + 1 and let (S, H 1 ) and (S, H 2 ) be hexagon triple systems constructed using the Inside 18k + 1 Construction. We have the following freedom: {0, 2} for (1), {0, 1, 2, 3, 4} for (2), and {0, 1, 3} for (3). It is straightforward to see that if x ∈ I(n) we can write x = a i + b j + c t , where a i ∈ {0, 2}, b j ∈ {0, 1, 2, 3, 4} and c t ∈ {0, 1, 3}.
The Inside 18k + 9 Construction
This is quite simple compared to the 18k + 1 construction.
Let (X, T ) be a Kirkman triple system of order 6k + 3 and π a parallel class of T . Let S = X × {1, 2, 3} and define a collection of hexagon triples H as follows: 
Ä ÑÑ 3.1º There exists a pair of hexagon triple systems of every order n ≡ 9 (mod 18) intersecting in x inside triples for all x ∈ I(n).
P r o o f. Write n = 18k + 9 = 3(6k + 3) and let (S, H 1 ) and (S, H 2 ) be hexagon triple systems constructed using the Inside 18k + 9 Construction. Then if x ∈ I(n) we can write x = a i + b j , where a i ∈ {0, 1, 2, 3, 4} and b j ∈ {0, 1, 3}.
The Outside 18k + 1 Construction
We begin with three examples. 
and
is the intersection of the outside triples of H i and H j .
As in Example 2.3 it is important to note that the edges belonging to the triple {(y, 1), (y, 2), (y, 3)} are not covered by the hexagon triples in any of H 1 , H 2 , and H 3 . Since O(9) = {1, 2, 3, 4, 6, 12} and, to within isomorphism, there is only one Steiner triple system of order 9, any two triple systems intersecting in x ∈ O(9) triples can be organized into hexagon triples. We fill in this gap with two examples and a new construction. In order to complete the spectrum for n = 19 and 37 we will need two examples: for n = 19 a pair of hexagon triple systems intersecting in 50 outside triples and for n = 37 a pair of hexagon triple systems intersecting in 215 outside triples. Here they are! 0), (10, 1), (3, 0), (6, 1)], [(8, 0), (1, 1), (7, 0), (11, 1), (4, 0), (7, 1)], [(9, 0),  (2, 1), (8, 0), (12, 1), (5, 0), (8, 1)], [(10, 0), (3, 1), (9, 0), (13, 1), (6, 0), (9, 1)],  [(11, 0), (4, 1), (10, 0), (14, 1), (7, 0), (10, 1)], [(12, 0), (5, 1), (11, 0), (0, 1),  (8, 0), (11, 1)], [(13, 0), (6, 1), (12, 0), (1, 1), (9, 0), (12, 1)], [(14, 0), (7, 1),  (13, 0), (2, 1), (10, 0), (13, 1)], [(0, 0), (8, 1), (14, 0), (3, 1), (11, 0), (14, 1) x i , we can write x i ∈ {0, 3, 9}.
The Outside 18k + 9 Construction
We already have a solution for 9 (Example 4.3). We will take care of 27 and 45 with examples and the remaining cases with a general construction.
The Outside 3 · (6k + 3) Construction
Use the Inside 18k + 9 Construction with different ingredients. For (1) hexagon triple systems of order 9 K 9,9,9 hexagon triple system Let S = X × {1, 2, 3}, where X = {1, 2, 3, 4, 5, 6, 7, 8, 9}. Define a collection of hexagon triples H on S as follows:
(1) For each i ∈ {1, 2, 3}, let (X × {i}, T i ) be a hexagon triple system of order 9 and place these hexagon triples in H.
(2) Let (K 9,9,9 , H * ) be a hexagon triple system with parts X × {1}, X × {2}, and X × {3} and put these hexagon triples in H. Then (S, H) is a hexagon triple system of order 27. Now define K 9,9,9 hexagon triple systems H 1 , H 2 , H 3 , H 4 , H 5 , H 6 as follows: For each i ∈ {1, 2, 3} let (X, • i ) be a commutative quasigroup of order 15 with holes h 1 , h 2 , h 3 , h 4 , and h 5 of size 3. (See [6] .)
(1) For each hole h i , let (h i × {1, 2, 3}, T i ) be a hexagon triple system of order 9 and place these hexagon triples in H.
(2) Let (X, K) be a Kirkman triple system of order 15 with parallel class π = {h 1 , h 2 , h 3 , h 4 , h 5 }. For each triple {a, b, c} ∈ K \ π and each i ∈ {1, 2, 3},
